Abstract. An analytic resolution of the covariant oscillator quark model for baryons is presented. Our harmonic potential is a general quadratic potential which can simulate both a ∆-shaped configuration or a simplified Y configuration where the junction is located at the centre of mass. The addition of new terms simulating the one gluon exchange process and the quark self-energy is discussed, and a comparison between our results and experimental data is presented.
Introduction
The covariant oscillator quark model (COQM) is a phenomenological model of hadrons [1] . It is not based on a Hamiltonian like usual quark models, but on an operator giving the square mass of the considered system. Through a covariant formalism, it is able to deal in a simple way with retardation effects, which are rather complicated in other approaches [2, 3, 4] . The COQM reproduces the Regge trajectories of the mesons with an harmonic potential depending on the quark-antiquark separation, and the addition of short range contributions like one gluon exchange process [5, 6] . The spring constant of the potential rules the value of the Regge slope. It has been also shown that the correct slope of the baryonic Regge trajectories could be reproduced using a quadratic equivalent of the so called ∆ junction [7] . However, recent developments in lattice QCD rather support the picture of an Y junction inside the baryons [8] , and thus the potential of the baryonic COQM should be modified. This is the purpose of this paper.
In Sec. 2, we introduce the general formalism of the COQM following Ref. [1] . As an example, we apply the general COQM to the mesons, as it is done in Ref. [6] , and summarize the results in Sec. 3. In Sec. 4, we discuss the introduction of a general potential for the baryonic COQM, which can be seen as a mixing of a harmonic equivalent of the Y junction and the harmonic potential of Ref. [7] . Then, we show that it is possible to find exact and analytic solutions to the baryonic COQM with our new potential. In Sec. 5, we propose a procedure to add the Coulomb term, and we compute its contribution for baryons with three quarks of the same mass. We also introduce a simple term taking into account the quark self-energy [9] . We compare our model to the experimental data in Sec. 6, and we sum up our results in Sec. 7.
General formalism of the COQM

Let us consider the Lagrangian
where the potential U, assumed to depend only on relative coordinates, describes the confining interaction between N particles whose coordinates are x k . In the latter, the bold coordinates will always denote a four-vector. By defining the canonical momenta associated to the particle i as
one finds easily that the Hamiltonian H vanishes (as it must be the case in a covariant formalism)
At this level, we can perform a change of coordinates and express the x i in term of the centre of mass position, R, and N − 1 relative coordinates, r a . After some algebra, Eq. (3) reads
where P and π a are the momenta associated to R and r a respectively. The total mass is m t = m 1 +. . .+m n and the µ a are the "reduced masses". But, we know that P 2 = −M 2 , where M is the mass of the system. So, instead of a Hamiltonian, the COQM allows us to write an equation giving the square mass of the system from Eq. (4)
When this model is quantized, Eq. (5) becomes an operator, and the two equations to solve are
Equation (6) shows that the part of the total wave function corresponding to the centre of mass is a free wave of the form |ψ CM = exp(ikR), with k 2 = −M 2 , as expected. Equation (7) is formally equivalent to a standard Schrödinger equation, whose eigenvalues are the square masses of the considered system.
The mesonic case
The formalism presented in Sec. 2 has been particularized for the mesons in Ref. [5] . The confining potential for the mesons is
with r = x 1 −x 2 ≡ (σ, r, θ, ϕ) and K 2 is a constant parameter of the model. Equation (7) can be written in this case as
with µ = m 1 m 2 /m t the reduced mass. Applying the well know theory of the harmonic oscillator, one finds
where the Y m ℓ are the spherical harmonics.
is an eigenfunction of the one dimensional harmonic oscillator, and
is a radial eigenfunction of the three dimensional harmonic oscillator [10] . H n and L α n are the Hermite and Laguerre polynomials respectively. It is worth mentioning that the usual factor (2n + ℓ + 3/2) of the harmonic oscillator is here replaced by (2n + ℓ + 1) in Eq. (10) . To understand this, we have to consider the contribution of the relative time σ. When Eq. (9) is solved, two harmonic oscillators appear: one for the spatial part and one for the relative time part. The second has the opposite sign of the first and will contribute to decrease the square mass. But a nonphysical degree of freedom is now present: which eigenstate of the relative time oscillator do we have to choose? The prescription is to consider only the fundamental state as a physical one [2, 6] . That is why we find χ 0 in relation (11) and −m t K 2 /µ for the contribution of the relative time. This contribution is in fact due to the retardation effects as they appear in the COQM. The most probable value for σ is 0, or equivalently x
This agrees with the hypothesis of Ref. [4] .
It has been shown in Ref. [6] that the COQM predicts Regge trajectories in agreement with the experimental data for m n = 0.384 GeV (n=u or d), m s = 0.510 GeV and K 2 = 0.107 GeV 3 , this last parameter being fitted to give the correct Regge slope. We see from Eq. (10) that the COQM should not be used for heavy mesons, because only light mesons exhibit Regge trajectories. However, we can remark that the COQM is no relevant for massless quarks. This leads to conclusion that the masses m i used in this model are the constituent masses of the quark, and not the current ones.
Resolution of the baryonic case
The confining potential
We summarize here some considerations of Ref. [7] . The potential which is used in this paper has the form
It can be seen as an harmonic equivalent of the usual ∆ junction. With the same quark masses as the mesonic case, a good agreement between theoretical and experimental baryonic Regge slopes can be obtained if
The proposed justification of such a 1/4 factor is the following heuristic argument: in a usual meson model with linear confinement, the potential term of the Hamiltonian reads a 2 r, where a 2 is the energy density of the flux tube between the quark and the antiquark and r is their spatial separation. In the COQM, the potential appearing in the square mass operator is like K 2 r 2 . So, one can consider that K 2 ∝ a 2 2 . Then, if we assume that the energy density a 3 of the flux tube between two quarks i and j in a baryon is proportional to the colour Casimirλ iλj /4, we should have a 3 = a 2 /2 and thus
However, recent developments in lattice QCD tend to confirm the Y junction as the more realistic configuration for the flux tube in the baryons [8] . In this picture, flux tubes start from each quark and meet at the Toricelli point of the triangle formed by the three particles. This point, denoted x T , is such that it minimizes the sum of the flux tube lengths, and its position is a complicated function of the quark coordinates x i . Moreover, following Ref. [8] , the energy density of the tubes is equal for mesons and hadrons: a 3 = a 2 . This supports the idea that the energy density of a flux tube starting from the particle i is proportional to the colour Casimirλ 2 i /4 [11, 12] . As we want to include these recent results in the COQM, we have to change the expression of the harmonic potential. In particular, we have to keep K 3 = K 2 and to take a quadratic equivalent of the Y junction.
In Ref. [13] , the complex Y junction potential
is approximated by the more easily computable expression
where R is the position of the centre of mass. If α = 1, Eq. (16) is a simplified Y junction, where the Toricelli point is replaced by the centre of mass. If α = 0, this potential reduces to a ∆ junction. Let us note that the presence of the factor 1/2 in the ∆ part of the potential is purely geometrical and simply arises because in a triangle ABC with a Toricelli point T , |AT | + |BT | + |CT | ≥ (|AB| + |BC| + |CA|)/2. One of the results of Ref. [13] is that the Y junction is approximated at best when α = 0.53, and that α = 1 is better than α = 0. Equation (16) leads us to assume the following expression for the potential in the baryonic COQM
with
The origin of the factor 1/4 = (1/2) 2 is now seen as geometrical only, and the constant S is a parameter taking into account other contributions than the confinement: one gluon exchange, spin interactions,. . . [14] . We define
and the potential (17) becomes
which is the expression we will use in the following.
Mass formula and wave function
We have to solve Eq. (3), which in this case reads
with U given by Eq. (19) . First of all, we will replace the quark coordinates x i = {x 1 , x 2 , x 3 } by x ′ k = {R, ξ, η}, with the centre of mass defined as
m t = m 1 +m 2 +m 3 and {ξ, η} are two relative coordinates. The change of coordinates is made via a matrix Q, thanks to the relation
and find that the elements of Q can be constrained by the following equations
where δ is a solution of
Constraints (23) and (24) are consequences of the definition (21). Equation (25) ensures that det Q = 1 in order to simplify the calculations of the p ′ i . These three relations are sufficient to cancel the terms containing the cross products P p ξ and P p η in the kinetic part of relation (20). The last cross product p ξ p η vanishes thanks to Eq. (27). Finally, formulas (26) and (28) suppress the terms containing the cross product ξη in the potential (19).
The last parameter to fix is F . It has to be nonzero in order to avoid det Q = 0. We define
We can then rewrite Eq. (20) as
where
Equation (32) has the nice property that the variables are all separated. Using the same arguments as those discussed in Secs. 2 and 3, the square mass spectrum can be analytically computed. It reads
The total wave function is given by
where we used the definitions (12) and (13) . Only the ground state of the temporal part of the wave function must be considered, following the prescription of Ref. [6] . We just mention that the most probable values for the relative times are ξ 0 = η 0 = 0, or x 0 i = R 0 , like in the mesons. As the COQM is expected only to be valid for light baryons, we will only study the following systems: nnn, snn, ssn or sss. Thus, we can always consider simplified cases where at least two masses are equal. When m 2 = m 3 = m, a solution of Eq. (28) is δ = −1, and one can find that
When the three masses are equal, we have simply
and the square mass formula reduces to
It can be checked that for the particular case α = 0, our solution agrees with the one of Ref. [7] .
Corrections to the pure COQM
In this section, we will show how to take into account two physical mechanisms possibly "hidden" in the constant S: the one gluon exchange, described by a Coulomb term, and the quark self-energy.
Coulomb term
Our computation of the Coulomb term will be a generalization of the procedure developed in Ref. [5] . Let us consider that we know the unperturbed mass M 0 of a baryon and |ψ the corresponding wave function. The Coulomb term δM will be added as a perturbation of M 0 . So, we have M = M 0 + δM with
where α S is the strong coupling constant and r ij = x i − x j = (σ ij , r ij , θ ij , ϕ ij ) is the separation between the quarks i and j. The additional parameter λ, which has the dimension of an energy, ensures that δM has also the dimension of an energy. The Dirac distributions express the condition for the quarks i and j to exchange a gluon: their separation must de lightlike. The integrations over the centre of mass and the angular coordinates in Eq. (42) are trivial, and the remaining integrals are those on the radial and temporal part of the variables ξ and η. We have to compute
T ij /r ij can be interpreted as the effective Coulomb potential between the quarks i and j. A general computation of integral (43) is a complicated problem, out of the scope of this paper. We will here only consider the symmetrical case, where the three quark masses are equal. Then, Eq. (43) reduces to
These expressions are only justified for a wave function with a good orbital symmetry.
As we are only interested by an estimation of the Coulomb contribution, we simply use a wave function with fixed values of ℓ ξ and ℓ η . Then, we find that
As all experimental states studied in Sec. 6 are characterized by n = n ξ + n η = 0, we will only compute contribution (47) in this case. Using Eq. (13), we obtain
Quark self-energy
Recently, it was shown that the quark self-energy contribution, which is created by the colour magnetic moment of the quark propagating through the vacuum background field, adds a negative term to the square quark mass. Other contributions due to quark spin (spin-spin, spin-orbit) also exist but they are smaller that the self-energy one [15] . When it is inserted in an effective model such as the relativistic flux tube model, the quark self-energy appears like a perturbation ∆H of the Hamiltonian [9, 16] 
where a is the energy density of the flux tubes, and where µ i can be interpreted as the constituent mass of the quark i. In the COQM, this leads us to suggest the following simple form for an equivalent of the self-energy contribution
with m i a constituent mass and ν an additional parameter with the dimension of a square energy.
Comparison with experimental data
Since the COQM includes neither the spin (S) nor the isospin (I) of the baryons, the experimental data we will try to reproduce here are the spin and isospin averaged masses, denoted M av . These are given by [17] 
with J = L+ S, and M I,J are different masses of the states with the same orbital angular momentum ℓ and the same quark content. Our data are taken from Ref. [18] . We also use the formula (51) to compute a mass with the COQM, but in this case I and J are replaced by the values of ℓ ξ and ℓ η corresponding to a given ℓ = ℓ ξ + ℓ η . The quark masses are determined by a fit on the nnn, nns and ssn Regge trajectories, where we assume that K 3 = K 2 = 0.107 GeV 3 as discussed in Sec. 4. m n is easily obtained by a fit on the nnn states, thanks to the simple mass formula (41). But, we immediately see that the Regge slope in our model only depends on the product (3 + α)m n . So, an infinity of couples (α, m n ) giving the correct slope can be found. We will consider three sets of them, given in Table 1 . The type 1 set is a simplified Y junction where the Toricelli point is replaced by the centre of mass and the type 3 set is the ∆ junction of Ref. [7] . In the type 2 set, m n is chosen to be the third of the proton mass, following a prescription made in the mesonic model of Ref. [6] , where m n is taken as the half of the ρ meson mass. The corresponding value of α is 0.58, close to the optimal value of Ref. [13] . Once a particular type is chosen, m s is computed by a fit on the nns and nss spectra. The sss baryons cannot be used to determine m s since only two states are available, and their quantum numbers are not well known.
The results are plotted in Fig. 1 and 2 . We can observe a good agreement between the COQM and the averaged square masses. Let us note that no Coulomb term and self-energy were added; we only fitted the COQM spectrum by taking ad hoc values of S. These values can be found in Table 2 . One can see that S is positive in every case, excepted for the sss baryons. This could be caused either by strong spin interactions (masses of the sss states considered are not averaged ones) or by the fact that a baryon formed of three strange quarks is too heavy to be described correctly by the COQM.
The absolute value of the computed masses critically depends on the arbitrary constant S, although the slope does not. That is the reason why it seems important to us to replace S by the physical contributions described in Sec. 5. The Coulomb and self-energy corrections are added to the COQM, and the corresponding spectrum of the nnn states is shown in Fig. 3 , with the parameters of set 2 (see Table 1 ). We obtain a correct agreement between our model and the experimental data with S = 0, α S /λ = 0.4 GeV 2 and ν = 0.014 GeV 2 . It still remains an arbitrary parameter ν, but it is now physically interpreted as the self-energy contribution. This contribution is necessary because the effective Coulomb term, given by Eq. (42), is too small to decrease enough the unperturbed masses, even with very large values of α S /λ.
Summary of the results
In this paper, we have solved the covariant oscillator quark model applied to the baryons, with a general quadratic potential. This potential is a linear combination between a ∆ junction and a simplified Y junction where the Toricelli point is identified with the centre of mass; it is believed to be a good approximation of the true Y junction potential. We find analytic expressions for the mass spectrum and for the total wave function of the baryons. We have then shown how to add a Coulomb term in perturbation and found an analytic formulation of this contribution for ground state baryons formed of three quarks of the same mass. A simple possible form for a quark self-energy term has also been discussed. Our results are found in quite agreement with experimental data. 
